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Abstract—Adding unlicensed spectrum, such as the recent
opening of the television white spaces in the US, has the potential
to benefit customers by increasing competition, but may also
increase congestion. In an earlier paper, we presented a model
for studying the effects of adding unlicensed spectrum to an
existing allocation of licensed spectrum among incumbent service
providers. Assuming that customers choose providers based the
sum of announced price and a congestion cost, it was shown
that the social welfare can decrease with additional spectrum.
Here we extend this work in two key ways. First, in the earlier
work all customers traded-off congestion costs with announced
prices in the same way. Here, we consider a heterogeneous pool
of customers who may have different trade-offs. Second, the
earlier work focused on the overall welfare including both that of
service providers and customers. Here we characterize customer
surplus as well as total welfare. In particular we show that with
homogeneous customers, customer welfare is non-decreasing,
while with heterogeneous ones it can decrease.

I. INTRODUCTION

The Federal Communications Commission has recently
announced a new policy for the use of spectrum assigned to
vacant broadcast television channels, or white space [1]. The
ruling states that this white space can be used as an unlicensed
spectrum commons, analogous to the model for spectrum usage
associated with WiFi devices.1 While this change in policy
potentially allows valuable unoccupied spectrum to be put to
productive use, it can also influence the market for services in
existing licensed bands.
More specifically, introducing unlicensed bandwidth along-

side service providers (SP) with licensed bands has several
consequences. First, it increases the supply of spectrum and
lowers the costs to entrants seeking to offer wireless services.
The increased competition among SPs should lower prices to
customers of wireless services. However, this benefit is offset
by increased traffic and associated interference, which pro-
duces lower Quality of Service (QoS) (e.g., smaller through-
puts and/or larger delays).
In previous work we have studied the effects of adding

unlicensed spectrum to an existing allocation of licensed spec-
trum among incumbent wireless Service Providers (SPs) [2].

This research was supported in part by NSF under grants CNS-0519935
and CNS-0905407.

1An additional constraint for TV white space is that unlicensed transmitters
must not interfere with reception of active broadcast television channels.

A key assumption is that each SP in the unlicensed band
experiences a congestion cost that depends on the total traffic
in that band (due to both incumbents and new entrants). This
is motivated by the likelihood that secondary users sharing
white space within a given region will interfere with each
other even if they are associated with different SPs. In contrast,
the congestion cost in a licensed band is due only to the
traffic of the SP holding the license. A model was presented
based on the framework for price competition in markets
for congestible resources developed in the operations and
economics literature [3]–[7]. It was shown in [2] that for the
model considered, adding white space to an existing allocation
of licensed spectrum can actually decrease total (customer plus
SP) welfare.
An assumption in [2] is that the customers are homogeneous,

meaning that they have the same value trade-off between price
paid for the service and congestion cost. In practice, this is
unlikely to be true, and it might be expected that adding
white space may help to differentiate the market and allocate
white space to those customers that prefer to trade-off more
congestion for a lower price.2

Here we consider an analogous model as in [2], but with
heterogeneous customers. Specifically, we assume two user
groups (”high-QoS” and ”low-QoS”) with different price-
congestion trade-offs. Our model shows that with additional
unlicensed spectrum, SP profits always decrease (for both ho-
mogeneous and heterogeneous customers). More interesting is
that with heterogeneous customers adding unlicensed spectrum
can also decrease customer surplus. Thus, additional unli-
censed spectrum can reduce aggregate welfare for producers
and customers in the market. In contrast, with homogeneous
customers customer surplus always increases.
The intuition is that to maximize revenue the SPs may in-

crease the price to shift customers to the unlicensed band. This
applies to both homogeneous and heterogeneous customers;
however, with heterogeneous customers this can produce a
discontinuous change in demand. Specifically, we show that
as the amount of white space increases, an SP has an incentive
to switch from one equilibrium in which both high- and low-

2Unlicensed spectrum may also encourage new types of wireless services
that allow for offerings that better match customer needs [8].



QoS customers are served, to another equilibrium in which
a smaller number of high-QoS customers are served. This
shifts more low-QoS customers to the white space increasing
congestion there. Hence when this switch happens, the cus-
tomer surplus decreases along with SP surplus. Furthermore,
the surplus can be strictly smaller than without the additional
white space.
We also show that the customer surplus can be a compli-

cated function of the amount of white space added. There can
be many break points between which the customer surplus
increases, decreases, or stays the same. In contrast, with ho-
mogeneous customers the customer surplus is nondecreasing
with the amount of white space, and the total surplus has one
local (global) minimum. Our results suggest that adding new
spectrum as a commons to existing allocations for exclusive
use may not be optimal in terms of social and customer
welfare.

Structure of the Paper: The remainder of the paper is
organized as follows. We describe the model formally in the
next section. In Section III we discuss the impact of unlicensed
spectrum on customer surplus in both heterogeneous and
homogeneous user models. Section IV characterizes social
welfare as a function of the amount of additional unlicensed
spectrum. Technical proofs are given in the appendix.

II. THE MODEL

Our model is an extension of the standard model of network
pricing games with congestion effects [9]. The economy con-
sists of service providers (SPs) and two classes of customers
with different sensitivity to congestion costs. In particular,
we assume there are two classes of customers with high and
low sensitivity to congestion cost who are referred as high
customers (h) and low customers (l), respectively hereafter.
SPs have their own licensed bands. The investment costs for
acquiring these (e.g., via government auctions) as well as the
infrastructure for exploiting them are considered sunk at this
stage. Besides the licensed bands, there is also an unlicensed
band available for use by all SPs. There is no cost for acquiring
such a band as by design it is open for any provider to
freely use. Exploiting such spectrum does require investment
in infrastructure, which we again consider sunk at this stage.3

Examples of such unlicensed bands are the WiFi band and the
TV white spaces.

Service Providers

Let N be a set of N SPs. Each SP has her own licensed
band and may also use the unlicensed band. An entrant in the
unlicensed band can be modeled as an SP with a licensed band
of capacity zero.
The SPs compete for all classes of customers by simulta-

neously choosing prices in the unlicensed band and/or their
own licensed bands. SPs are assumed to set a flat price for
all classes of customers and serve all customers who accept

3Moreover, these costs for a provider who also operates in licensed
spectrum may be reduced as the provider could reuse parts of the licensed
infrastructure.

their posted price. Suppose a SP i sets prices pi for service
in its licensed band and pwi in the unlicensed band and serves
xi = xh

i +xl
i and x

w
i = xwh

i +xwl
i customers, respectively. The

superscripts h and l denote high customers and low customers
respectively. Then, i’s profit πi is given by πi = pixi+pwi x

w
i .

There is a congestion externality suffered by customers
served by SPs. This externality is perceived differently by
the two different classes of customers. Details on how the
customers perceive congestion externalities are given in the
next section.
If SP i’s licensed band serves a mass xi = xh

i + xl
i of

customers, then each customer served in this band experiences
a congestion cost li(xi), where the nature of this loss will de-
pend on the bandwidth of the licensed band and the technology
deployed by SP i. Congestion suffered in the unlicensed band,
however, is a function of the total mass of customers served
in the unlicensed band. Specifically, if xw

i = xwh
i +xwl

i is the
mass of customers served by SP i in the unlicensed band, the
congestion suffered by each customer served in the unlicensed
band is g(Xw) where Xw =

∑
i∈N

xw
i is the total number of

all classes of customers served in the unlicensed spectrum.4

The congestion cost g(Xw) also depends on the bandwidth
of the unlicensed band. In Section IV we consider the case
where li is fixed and g is varied according to the available
bandwidth of the unlicensed spectrum.
In this paper we assume that all congestion cost functions

are increasingly monotonic and convex.

Customers

Customers choose an SP based on the delivered price, which
is the weighted sum of the price announced by an SP and the
congestion cost she experiences when served by that SP. For
SP i’s high customers, the delivered price in her licensed band
is pi+λhli(xi) and the delivered price in the unlicensed band
is pwi +λhg(X

w) where λh > 0 represents the high sensitivity
to congestion cost of this customer. The delivered price for a
low customer in SP i’s licensed and unlicensed band can be
defined correspondingly as pi + λlli(xi) and pwi + λlg(X

w)
where λl > 0 represents the low sensitivity to congestion cost
of this customer. Naturally, we assume λh > λl.
The demand for services from the two classes is governed

by two downward sloping demand functionsDh(p) and Dl(p)
with the inverse function Ph(q) and Pl(q), respectively. Both
classes of customers always choose services from the SPs
with the lowest delivered prices defined above. When facing
the same delivered price from multiple SPs, customers are
assumed to randomly choose one of the SPs. Thus SPs with
the same delivered price will draw the same customer mass in
equilibrium.

4w stands for “white space”. For the white space case, the FCC allows
any type of user to transmit as long as no substantial interference is
caused to primary spectrum users (TV broadcasters and licensed wireless
microphone users) [1]. There are constraints on transmit power, antenna height
and power spectral density. However, there are no additional constraints to
reduce the interference among different white space users. Moreover, due to
the propagation characteristics of the corresponding radio frequencies, such
interference effects will be greater than in the WiFi band.



Pricing Game and Nash Equilibrium

We consider a game in which SPs move first and simulta-
neously announce prices. Then, customers choose SPs based
on the delivered price.
Given a price vector (p,pw) the non-negative demand

vector (xh,xl,xwh,xwl) induced by (p,pw) must satisfy in
the licensed bands:

pi + λhli(xi) = Ph(Qh) if xh
i > 0

pi + λhli(xi) ≥ Ph(Qh) if xh
i = 0

pi + λlli(xi) = Pl(Ql) if xl
i > 0 (1)

pi + λlli(xi) ≥ Pl(Ql) if xl
i = 0

and in the unlicensed bands:

pwi + λhg(X
w) = Ph(Qh) if xh

i > 0

pwi + λhg(X
w) ≥ Ph(Qh) if xh

i = 0

pwi + λlg(X
w) = Pl(Ql) if xl

i > 0 (2)

pwi + λlg(X
w) ≥ Pl(Ql) if xl

i = 0

where Qh =
∑

i (x
h
i + xwh

i ) is the total number of high
customers served in the market, and Ql =

∑
i (x

l
i + xwl

i ) . In
other words, the demand for each SP is such that no customer
can lower the delivered price she pays by switching SPs.

Remark: It can be shown given a price vector, the cor-
responding demand vector satisfying the above conditions
always exists and is the solution to some convex program.
This result is summarized in Appendix F.

DEFINITION 1: A pair (p,pw) and (xh,xl,xwh,xwl) is
a pure strategy Nash equilibrium if (xh,xl,xwh,xwl) satisfies
equation (1) and (2) given (p,pw), and no SP can improve
her profit by changing prices.

In the most general case of demand function and latency,
Nash equilibrium might not exist. The main goal of this paper
is to study the impact of unlicensed spectrum on existing
market. We will consider special cases of demand curve such
that the game has a unique equilibrium.

Social Welfare and Customer Surplus

Next, we define the social welfare in this market, which
represents the total surplus of both producers (SPs) and
customers and customer surplus, which is the welfare gained
from the consumption of the service by the consumers alone.

DEFINITION 2: Suppose (xh,xl,xwh,xwl) is the de-
mand vector induced by some price vector (p,pw) according
to (1) and (2). Then social welfare is given by

SW =

∫ Qh

0

Ph(q)dq +

∫ Ql

0

Pl(q)dq −
∑
i∈N

λhx
h
i li(xi)

−
∑
i∈N

λlx
l
ili(xi)− λhg(X

w)Xwh − λlg(X
w)Xwl (3)

where Xw = Xwh +Xwl, Xwh and Xwl are the number of
high and low customers in the unlicensed band respectively.
Qh =

∑
i∈N

xh
i + Xwh and Ql =

∑
i∈N

xl
i + Xwl are the

total number of high and low customers served in the market.

DEFINITION 3: Suppose for some price and demand
vectors, Dh and Dl are the resulting delivered price for high
class and low class customers, respectively. Then the customer
surplus is given by

CS =

∫ Qh

0

(Ph(q)−Dh)dq +

∫ Ql

0

(Pl(q)−Dl)dq (4)

where Qh and Ql are defined the same as in Definition 2.
Fig. 1 provides an example of an equilibrium for homoge-

neous customers. There are two SPs and unlicensed spectrum
in the pricing game. The mesh area on the top represents the
customer surplus, while the shared area within the red contour
represents the social welfare. Note that social welfare is the
sum of customer surplus and revenue of all SPs.

x1 x2 qXw

p1
p2

P (q)

Q

p1x1

p2x2

l1(x)
l2(x) g(Xw)

Customer surplus

Fig. 1. Illustration of pricing game with two SPs and unlicensed spectrum.

Equilibrium Price in Unlicensed Spectrum

We first characterize equilibrium prices in the unlicensed
band. The result serves as a building block for the analysis
in the succeeding sections. Let p∗ and (xh∗

,xl∗) denote
the Nash equilibrium price vector and demand vector in the
licensed bands, while pw∗ and (xwh∗

,xwl∗) denote the cor-
responding equilibrium prices and demands in the unlicensed
band.

Lemma 1: If (p∗,pw∗) and (xh∗
,xl∗,xwh∗

,xwl∗) form
an NE, then pw∗ = 0.

Intuitively, this is because all of the customers in the un-
licensed spectrum experience the same (weighted) congestion
costs. Thus a SP with positive price in the unlicensed band
always has a strictly profitable deviation of decreasing her
price. Therefore, the equilibrium price in the unlicensed band
must be zero for both classes of customers. The proof of
Lemma 1 is a simple extension of Theorem 1 in [2], and thus
omitted.
Lemma 1 suggests that in the unlicensed band, competition

will force the prices to be zero and SPs will earn zero



profit in that band 5. Competition in the unlicensed band can
also reduce prices in the licensed band and decrease SPs’
profits there. We shall see examples of this in later sections.
Moreover, since all SPs have zero profit in the unlicensed band,
the volume of customers each SP serves there does not affect
her profit or the equilibrium. Thus, we only focus on the total
customer mass of each class Xwh and Xwl in the unlicensed
spectrum hereafter.

III. CUSTOMER SURPLUS WITH ADDITIONAL

UNLICENSED SPECTRUM

In this section we analyze the change in customer surplus
when additional unlicensed spectrum is added to an existing
market of wireless services offered in licensed spectrum. We
show that when customers are homogeneous, that is, λh = λl

then adding additional unlicensed spectrum can only make
the delivered price decrease, which indicates an increase
in customer surplus. However, important difference emerges
with a heterogeneous model: as the capacity of unlicensed
spectrum changes, the incumbent SP may switch the class(es)
of customers she is serving to maximize her revenue. In
particular, suppose that the incumbent SP serves both high and
low class customers with no unlicensed band (to maximize her
revenue), then intuitively, for an unlicensed band with small
enough capacity, the incumbent will keep serving both classes
of customers. While for an unlicensed band with large enough
capacity, the incumbent will choose to raise the price and serve
only high customers, causing a drop in customer surplus. This
effect is clearly absent in the homogeneous model and is a
very robust prediction. In particular, we show that the effect
described above is always present in heterogeneous models
for general demand curves and latency functions.
More formally the results in this section are stated in

Theorem 1 and Theorem 2 below.

THEOREM 1: Consider an incumbent SP with licensed
spectrum in a homogeneous model, i.e. λl = λh. LetD0, D1 be
the delivered prices at equilibrium before and after unlicensed
spectrum is introduced, respectively, then D0 > D1.

We note that Theorem 1 is not trivial and proved by
contradiction. If D0 < D1 is assumed, then by using the
convexity of latency functions we can contradict the fact that
D0 is the delivered price at which the incumbent maximizes
her revenue. The formal proof of Theorem 1 is given in
Appendix A.
The following theorem describes a drop in customer surplus

in the case of heterogeneous users.

THEOREM 2: Consider a heterogeneous model with a
single incumbent such that before unlicensed spectrum is
introduced a mixture of different customer types is served at
equilibrium. We also assume that Ph(0) ≥ λhl(0). Under
these assumptions, there always exists a C0 > 0 such that

5Notice that we do not consider operational cost in this model. It is straight
forward to extend our model to capture operational cost. In that scenario,
because of competition the equilibrium price of the unlicensed band will be
dropped to the operational cost.

when the bandwidth of unlicensed is increased from C−
0 to

C+
0 , the incumbent will increase her price discontinuously to

serve high customers exclusively which causes a drop in the
customer surplus.
Moreover, there exists a range of parameters such that

when C+
0 bandwidth of unlicensed spectrum is introduced the

customer surplus is strictly smaller than when there was only
licensed spectrum.

C0 C

Customer Surplus

Fig. 2. Customer surplus as a function of unlicensed band’s capacity

Figure 2 illustrates the customer surplus as a function of
unlicensed spectrum’s bandwidth. Numerical examples are
given in Appendix E. These examples show that in fact at
C+

0 social surplus can be as low as 0, while before licensed
spectrum is introduced customer surplus is positive. Intuitively
this phenomenon can be described as follow.
Consider the case where before unlicensed spectrum is

introduced, the provider charged a price p that serves both
types of customers. In particular all high customers and a
fraction of the low customers are served at this price. Let
R be the total revenue of this scenario. Note that the provider
can also charge a high enough price pH such that at this price
only high customers use the service. We assume the resulting
revenue under pH is RH < R.
Now, some amount C of unlicensed spectrum is introduced

to the economy, which creates competition with the provider.
As a result the optimal revenue RC will decrease in C.
Observe that when C is small the provider will also change
the price p by a small amount such that at this price both
type of users are still served, but when C is large enough the
provider will have an incentive to suddenly increase the price
and in many cases she could raise p up to pH to eliminate low
type customers and still obtain a revenue of RH from the high
types. When such price raise occurs, high customers need to
pay a higher price thus their surplus is dropped. On the other
hand, the lower customers now need to use the unlicensed
band, which will be highly congested. As a result, the customer
surplus decreases.
However, to show the general result in Theorem 2 we need

to prove that there is always a C0 where the SP switches the
class of targeting customers and when she does so customer
surplus drops. The formal proof is rather interesting and is
given in Appendix B.
Our results in this section suggest that congestion is a very

important and distinctive element of spectrum market. Our



results can be seen as an contrast with markets without con-
gestion, where a market segmentation that emerges as a result
of competition usually indicates improvement in efficiency or
customer surplus.

IV. SOCIAL WELFARE WITH ADDITIONAL UNLICENSED

SPECTRUM

In this section we analyze the social welfare as a function
of unlicensed spectrum bandwidth. It has been shown in our
previous work [2], that even in a homogeneous model social
welfare may worsen as additional unlicensed spectrum is
introduced. This phenomenon is reminiscent to the famous
Braess’s paradox in congestion games [10]. However, the
difference here is that the paradox is caused by the service
providers rather than by the users.
As shown in Section III, in the heterogeneous model, an

increase in unlicensed spectrum bandwidth not only causes a
decrease in the incumbent’s revenue, but can also reduce the
customer surplus. Thus, clearly additional unlicensed spectrum
can also decrease the social welfare in the heterogeneous
model.
In the homogeneous model, although social welfare is not

a monotonic function of unlicensed spectrum bandwidth, it
changes in a rather simple manner. It has only a single local
(global) minimum. We will show that with heterogeneous
customers, the social welfare as a function of unlicensed band
capacity can be much more complex.
We again consider a simple scenario, where a single in-

cumbent (monopoly) operates on a licensed band before the
unlicensed band is open. One or more entrants can then enter
the market using the unlicensed band only. The incumbent can
also offer services on the unlicensed band. A particular “box”
demand function is assumed for simplicity in this section. A
“box” demand function corresponds to a Q mass of customers
with a common valuation of W for receiving services. This
corresponds to P (q) being a constant W for 0 ≤ q ≤ Q
and then dropping to zero for q ≥ Q. Customers with such
a demand function choose an SP as long as its delivered
price is at most W . Note that a box demand function is
uniquely determined by the tuple (W,Q). We will use this
type of demand for two classes of customers with demand
(Wh, Qh) and (Wl, Ql). Moreover, it is also reasonable to
assume Wh > Wl and Qh < Ql, i.e., the high class customers
have high valuations for the service and there are more low
class customers than high class customers.
We first observe that if the incumbent is serving both classes

of customers in her licensed band, then the there will only be
low class customers in the unlicensed band. On the contrary,
if there are both classes of customers in the unlicensed band
at equilibrium, then there can only be high-class customers in
the licensed band. This result is summarized in Lemma 2.
Let xh ≥ 0 and xl ≥ 0 be the number of high and low class

of customers in the incumbent’s licensed spectrum. Similarly,
let Xwh ≥ 0 and Xwl ≥ 0 be the corresponding numbers of
customers in the unlicensed band.

Lemma 2: (i) If xh > 0 and xl > 0, then Xwh = 0 and
Xwl ≥ 0.
(ii) If Xwh > 0 and Xwl > 0, then xl = 0 and xh ≥ 0.

This lemma also suggests that incumbent’s licensed spectrum
and the unlicensed spectrum cannot serve both type of cus-
tomers at the same time. The proof of this lemma is given
in Appendix C. Note that Lemma 2 holds for markets with
arbitrary number of incumbent SPs and general forms of
congestion cost functions.
Further, we assume congestion costs are linear for both

incumbent’s licensed band and the unlicensed band. The
incumbent operates on the licensed band with the congestion
cost

l(x) = bx, where b > 0.

The bandwidth of the unlicensed band is C ≥ 0. The
congestion cost in the unlicensed band is

g(x) = αCx.

Here we assume that αC is some parameter decreasing in C6;
and when no unlicensed spectrum is open then α0 = ∞.
As mentioned in preceding section, how social welfare

changes with the capacity of unlicensed band depends on the
initial state of the market, i.e., which class(es) of customers
are served by the incumbent without unlicensed band. To be
specific, there are three possible scenarios with two classes of
customers :
i) the incumbent initially serves high class only,
ii) the incumbent initially serves low class only and
iii) the incumbent initially serves mixture of high and low
class.
In this section, we focus on Scenario iii). It can be shown

that similar results and insights can also be obtained for
Scenario i) and Scenario ii). Thus, we assume that Wh, Wl,
Qh, Ql λh and λl are chosen such that Scenario iii) is true.7

PROPOSITION 1: Assume

Wh

λh

<
Wl

λl

and Qh < min

{
Wh

2bλh

,
Wh −Wl

b(λh − λl)

}
. (5)

Consider an incumbent SP with licensed spectrum that
serves all of the Qh high customers and xl0 < Ql low class
customers in the absence of unlicensed spectrum. If unlicensed
spectrum with capacity C is added, then the social welfare
at a NE, which is denoted by SW (C), can be described as
follows. There exist 0 ≤ C1 ≤ C′

2 ≤ C2 ≤ C3 ≤ C4 ≤ ∞
such that

SW (C) is

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

constant for 0 ≤ C ≤ C1

monotone decreasing for C1 ≤ C ≤ C′
2

non-decreasing for C2 ≤ C ≤ C3

monotone decreasing for C3 ≤ C ≤ C4

monotone increasing for C ≥ C4

6In this case, 1/αC can be interpreted as the effective bandwidth in the
unlicensed band and the effective bandwidth is naturally increasing in C.

7It can be shown that this is always feasible.



An illustration of SW (C) is shown in Fig. 3.

SW (C)

C1 C′
2C2 C3 C4 C

Fig. 3. Social welfare as a function of unlicensed band’s capacity

Remark: The assumptions in (5) are not essential for our
results, but they focus our attention on one specific scenario
and simplify the analysis.

Sketch of the Proof: The formal proof of this theorem
is given in Appendix D. The main idea is sketched as follows.
Before unlicensed spectrum is added, the monopoly set price
p0 and served Qh high class customers and xl0 < Ql low
class customers. We refer this as the initial state of the game.
First of all, it can be shown that there exists C1 ≥ 0 such

that when C ≤ C1, the quality of service in the unlicensed
band is not good enough to impact the monopoly or the initial
state. Since the customer surplus is shown to be zero in this
case (Section III), social welfare remains the same.
By Lemma 2, the monopoly and the unlicensed spectrum

cannot serve both classes of customers simultaneously. Then
there are three possible scenarios with additional unlicensed
spectrum:
1) the monopoly serves a mixture of both classes and the
unlicensed band serves low class,
2) the monopoly serves high class and the unlicensed band
serves low class
3) the monopoly serves high class and the unlicensed band
serves mixture of high and low classes.
Because of Theorem 1 and the fact that the monopoly is

the only strategic agent in the game, the NEs of the game
can be described as solutions to the monopoly’s revenue
maximization problems. By comparing the optimizations for
each of the three scenarios listed above, it can be shown that
there exist C2 > 0 and C3 > 0 such that for C ≤ C2, the
monopoly maximizes her revenue in Scenario 1) while for
C ≥ C3 the monopoly maximizes her revenue in Scenario 3)
and finally Scenario 2) is optimal for C ∈ [C2, C3].
Now, the line of C has been divided into three interesting

regions: [C1, C2], [C2, C3] and [C3,∞].
For C in [C1, C2] and [C3,∞], it can be shown that the

game corresponding to each scenario can be transformed to
either equivalent or special cases of the game in the model with
homogeneous customers. Thus the result for homogeneous

customers (Theorem 3 in [2]) can be applied to characterize
SW (C) and show the existence of C′

2 and C4. Note that it
is possible that C′

2 ≥ C2 in which case we simply define
C′

2 := C2.
Finally, for C ∈ [C2, C3], it can be shown that the monopoly

serves only high customers at a relatively high price and
the unlicensed spectrum has no impact on the monopoly.
Therefore, increasing capacity will improve the congestion in
the unlicensed band, hence the social welfare is nondecreasing.

Remark: Theorem 1 shows that the social welfare, unlike that
in the model with homogeneous customers, can be very com-
plex. Moreover, it suggests that as long as there is competition
between the services in the licensed and unlicensed bands on
a certain class of customers, there can be a decrease of social
welfare with increasing additional unlicensed spectrum.

A numerical example supporting Theorem 1 is given in
Appendix E. Moreover, a description of the impact of different
unlicensed band capacity, such as incumbent’s price and
revenue and social welfare is given along with the example.

V. CONCLUSION

Motivated by the recent FCC ruling on television white
space, we have studied a model for adding unlicensed spec-
trum to a market for wireless services in which incumbents
have licensed spectrum. We found that with heterogeneous
customers if the amount of unlicensed spectrum is not suffi-
cient, then adding unlicensed spectrum can decrease both the
provider’s revenue and customer surplus. This effect is due to
the assumption that any SP can use the unlicensed spectrum
for free to compete with other SP’s having licensed bands.
This suggests that in similar settings a better policy may be
one that restricts the direct competition with existing SPs by
allowing only specific services to use the white space or by
allocating the additional spectrum as licensed spectrum.
Our work examines a particular scenario within the broader

area of spectrum market design. There one of the main
questions is how to assign, or design mechanisms for assigning
spectrum according to a mix of licensed, unlicensed, and
dynamic models (markets) in which SPs can trade spectrum
assets over relatively short time periods. Approaches to solving
this general problem will require richer models of interaction
among SPs and customers as well as more refined models for
the interaction among spectrum assets.

APPENDIX

A. Proof of Theorem 1

The theorem is proved by contradiction. First, we introduce
the following notations.
Consider a general situation, let D be the delivered price.

Given such delivered price, let a be the number of customers
in unlicensed band and x, p be the number of customer and
the price of the licensed band such that the resulting delivered
price is D. See Fig. 4.
In particular, we will consider the following three pricing

situations: 1. Before the unlicensed spectrum is introduced and



the monopoly maximizes the revenue. In this case, let D0

be the delivered price. Because unlicensed spectrum was not
introduced a0 = 0 and D0 = l(x0) + p0. 2. After a fixed
amount of unlicensed spectrum is introduced and the provider
charges a price to maximize revenue under competition with
the unlicensed spectrum. In this scenario, we denote the
parameters by D1, p1, x1, a1. Lastly, we consider situation
where the provider charges a price p3 so that under the
competition with the unlicensed band, the delivered price is
D2 = D0. In such case, let x2, a2 be the number of customers
in the licensed and unlicensed band, respectively.
We show that if D1 > D0 = D2 then p2x2 > p1x1, which

is a contradiction because the provider is assumed to maximize
its revenue at p1.
To see this, we first observe that because D1 > D2 and

g(a1) = D1; g(a2) = D2, therefore a2 < a1. Second, consider
the function

R(x) = (D2 − l(x))x = (D0 − l(x))x.

Because l(x) is a convex function, R(x) is concave and it
is assume that in scenario 1 (before unlicensed spectrum is
introduced) the provider achieves the maximum revenue of
R(x0). Therefore, R(x) is an increasing function from 0 to
x0. Thus,

R(x2) > R(x2 + a2 − a1) = R(x3).

Here x3 = x2 + a2− a1 < x2. Thus x3 + a1 = x2 + a2. Now,
because D2 = D0 < D1 we have

x2 + a2 > x1 + a1.

Furthermore, because x3 + a1 = x2 + a2 > x1 + a1 we have
x3 > x1.
Now consider the difference

R(x3)−R(x0)

As seen in Fig. 4, this is the difference between area A and
B, which is

R(x3)−R(x0) = x3(l(x3+a1)−l(x3))−a1(D0−l(x3+a1)).

a1 a1x3 x1

l(x)l(x)D0

D1

A

B

A′

B′p p1

Fig. 4. Social welfare as a function of unlicensed band’s capacity

Similarly, consider the difference between A′ and B′ in
Figure 4 we have

p1x1 − (D1 − l(x1 + a1))(x1 + a1) =

x1(l(x1 + a1)− l(x1))− a1(D1 − l(x1 + a1)).

Now from x3 > x1 and l(x) is convex, we obtain

x3(l(x3 + a1)− l(x3)) > x1(l(x1 + a1)− l(x1)).

Furthermore, D0 < D1 and x3 + a1 > x1 + a1 implies

a1(D0 − l(x3 + a1)) < a1(D1 − l(x1 + a1)).

Thus,

R(x3)−R(x0) > p1x1 − (D1 − l(x1 + a1))(x1 + a1)

Moreover, (D1 − l(x1 + a1))(x1 + a1) corresponds to the
revenue of the provider would achieve without the unlicensed
band if it charges the price D1 − l(x1 + a1). Thus, R(x0) >
(D1 − l(x1 + a1))(x1 + a1). Therefore,

R(x3) > p1x1.

This is a contradiction to the fact that the provider optimizes
its revenue.

B. Proof of Theorem 2

We first show that when the unlicensed spectrum bandwidth
is large enough, the optimal revenue is obtained when the SP
only serves high customers. Thus, because of the assumption
that before the unlicensed spectrum is introduced at equilib-
rium the SP serves a mixture of the two types, there must
be a C0 bandwidth of unlicensed spectrum at which the SP
switches from serving both types to only the high type.
Given δ > 0 let xδ be the optimal point of

Rδ = max
x

{x · (δ − l(x))}. (6)

Rδ is the shaded area in Figure 5.
Note that xδ is unique because l(x) is convex. Furthermore,

xδ is a continuous function of δ. When δ = l(0), xδ = 0 and
there exists δ large enough such that Ph(xδ) < λhδ. Note that
because Ph(x) is decreasing, l(x) is increasing and λhl(0) <
Ph(0), one can see that there exists δ∗ such that

Ph(xδ∗) = λhδ
∗.

Now consider a situation where there is only unlicensed
spectrum and there are only low customers. Let Cδ∗ be a value
such that if the bandwidth of unlicensed spectrum is Cδ∗ , then
the the congestion cost of the unlicensed band is δ∗. We will
show that in the setting with the incumbent SP when C = Cδ∗

the optimal revenue of the incumbent is obtained by serving
high customers only.
To see this, observe that when serving both types of

customers the delivered price for lower customers cannot be
higher than λlδ

∗. This is true because we know that when
serving both types of customers, the users in the unlicensed
spectrum are of the low class and because we have Cδ∗

bandwidth of unlicensed spectrum, the congestion in the
unlicensed band is at most δ∗. Therefore, the optimal revenue
that the incumbent SP can obtain while serving both types can
be at most

max
x

{x · λl(δ
∗ − l(x))} = λlRδ∗ ,



where Rδ∗ is defined in (6).
However, if the SP charges the price p = λh(δ

∗ − l(xδ∗)),
then the equilibrium of the game is the following: no low type
customers use the licensed spectrum and xδ∗ high customers
use the service in the licensed band. This is true because the
congestion of the unlicensed band is g(x) = δ∗, the delivered
price for low customers in the licensed band is

λll(xδ∗)+λh(δ
∗−l(xδ∗)) > λll(xδ∗)+λl(δ

∗−l(xδ∗)) = λlδ
∗.

Thus, no low customers would choose to use the licensed band.
On the other hand the delivered price for high customers is
λlδ

∗ = Ph(xδ∗). Therefore no high customers would use the
unlicensed band either.
Now, in this case, the SP’s revenue is

p · xδ∗ = λhRδ∗ > λlRδ∗ .

Ph(x)

Rδ

λhδ

δ

xδ

l(x)

l(xδ)

Fig. 5. Improving revenue by targeting only high typed customers

This shows that when C = Cδ∗ the incumbent SP only
serves high typed customers. Therefore, there exists a 0 <
C0 < Cδ∗ such that if the unlicensed bandwidth is increased
from C−

0 to C+
0 , the incumbent has an incentive to switch the

class of customers and target only the high class.
Consider such a transition. When C = C+

0 the unlicensed
band is open to all low customers and they do not have other
choices. Thus the delivered price for low customers must be
non-decreasing compared with when C = C−

0 . Let xh, xl be
the number of customers of high and low types in the licensed
band and Xw be the number of customer in the unlicensed
band at C = C−

0 . We have

λll(xh + xl) + p = λlg(W
w).

Thus, the delivered price for the high customers at that time
is

λhl(xh + xl) + p <
λh

λl

(λll(xh + xl) + p) = λhg(W
w).

This means that high customers strictly prefer the licensed
band to the unlicensed one.
Now, at C = C+

0 the the quality of the unlicensed band
has worsen. Therefore, the incumbent also has an incentive to
raise the delivered price for high customers. This shows that

the delivered price for low customers is non-decreasing and the
delivered price for high customers increases discontinuously.
This concludes the first part of the proof. To see an numerical
example see Appendix E.

C. Proof of Lemma 2

We prove the lemma in a general setting with arbitrary
number of SPs in the set N . Moreover, assume the general
congestion function associated with each SP is li(·). Let
xi = xh

i + xl
i and Xw = Xwh +Xwl.

First, we show that it is NOT possible that some SP i and
the unlicensed band can serve both classes of customers at the
same time. If so, by (1) and (2) we have

pi + λhli(xi) = λhg(X
w)

pi + λlli(xi) = λlg(X
w)

But since pi+λhli(xi)
pi+λlli(xi)

< λh

λl

, given λh > λl, the equalities
cannot hold.
Next, we prove (i). Suppose there exists some i ∈ N with

price pi such that xh
i > 0 and xl

i > 0, then we must have

pi + λhli(xi) = Dh

pi + λlli(xi) = Dl

according to (1) whereW d
h andW d

l are the equalized delivered
prices for high and low classes customers, respectively. If
Xwh > 0, then by (2) we have

λhg(X
w) = W d

h .

Since

λhg(X
w)

Wl

=
Wh

Wl

=
pi + λhli(xi)

pi + λlli(xi)
≤

λh

λl

,

we have λlg(X
w) < Wl. This implies Xwl > 0, which

contradicts the first result. Therefore Xwh = 0 if xh
i > 0

and xl
i > 0.

Finally, we prove (ii). Suppose Xwh > 0 and Xwl > 0.
If there exists some i ∈ N such that xl

i > 0, then it can be
similarly shown that xh

i > 0, which implies a contradiction.

D. Proof of Proporsition 1

To prove this Theorem, we first give the following lemma.

Lemma 3: Let XWh∗ and XWl∗ be the number of high
and low class customers served at equilibrium in the unli-
censed band of capacity C. If

Wh

λh

<
Wl

λl

and congestion costs are linear, then for all unlicensed band
capacity C ≥ 0, if XWh∗ > 0, then XWl∗ = Ql.

The proof of this lemma is attached at the end of the section.
Lemma 3 implies that given the inequality, as the capacity of
unlicensed band increases, low-class customers will join the
service in the unlicensed band first and followed by the high-
class customers.



Suppose before the unlicensed spectrum is introduced, the
monopoly charged a price p0 and served Qh high customers
and xl0 < Ql low customers. We refer this as the initial
state of the game. Since xl0 < Ql, it is clear that Dl =
p0 + λlb(Qh + xl0) = Wl.
First of all, let C1 be such that λlg(Ql−xl0) = λlαC1

(Ql−
xl0) = Wl. It can be seen that for C ≤ C1, it must be ture that
λlαC(X

w) = Wl and Xw ≤ Ql − xl0. Thus the unlicensed
band has no impact on the monopoly and the initial state
holds. Since in this case the unlicensed band does not improve
customers surplus, social welfare remains constant.
By Lemma 2, the monopoly and the unlicensed spectrum

cannot serve both classes of customers simultaneously. Then
there are three possible scenarios with additional unlicensed
spectrum:
1) The monopoly serves mixture of both classes and the
unlicensed band serves low class.
2) The monopoly serves high class and the unlicensed band
serves low class.
3) The monopoly serves high class and the unlicensed band
serves mixture of high and low classes.
Because of Theorem 1 and the fact that the monopoly is

the only strategic agent in the game, the NE of the game
can be described as solutions to the monopoly’s revenue
maximization problems. Given the initial state, we have the
following optimization problem (P1) for Scenario 1

max
p,xl,Xw

r1(C) = p(Qh + xl) (P1)

S.t. p+ λhb(Qh + xl) ≤ Wh (7)

p+ λlb(Qh + xl) = λlαCX
w ≤ Wl

xl +Xw ≤ Ql − xl0 and p, xl, X
w ≥ 0

where r1(C) denotes the optimal revenue the monopoly
achieved with C in Scenario 1. The problem for Scenarios
2 (P2) and 3 (P3) can be similarly written as

max
p,x,Xw

r2(C) = px (P2)

S.t. p+ λhbx ≤ Wh

λlαCX
w ≤ Wl (8)

p+ λlbx ≥ λlαCX
w (9)

λhαCX
w ≥ p+ λhbx (10)

p ≥ 0, 0 ≤ x ≤ Qh and 0 ≤ Xw ≤ Ql

and

max
p,x,Xw

r3(C) = px (P3)

S.t. p+ λhbx = λhαCX
w ≤ Wh

p+ λlbx ≥ λlαCX
w

λlαCX
w ≤ Wl

x ≤ Qh and Xw ≤ Qh +Ql and p, x,Xw ≥ 0.

Claim 1: There exist C2 ≤ C3 such that

r1(C) = max{r1(C), r2(C), r3(C)} for C ≤ C2

r2(C) = max{r1(C), r2(C), r3(C)} for C2 ≤ C ≤ C3

r3(C) = max{r1(C), r2(C), r3(C)} for C ≥ C3.

To prove this claim, we first compare Problems (P2) and
(P3). Let C3 be such that αC3

= Wh

λhQl

. Now we examine
(P2). Because of the assumptions on the initial state and (5),
the constraints in (9) and(10) must be loose for C < C3.
Therefore, r2(C) is essentially independent of C, i.e. r2(C)
is constant for C < C3. On the other hand, when C ≥ C3, it
can be seen that constraint (8) will be loose since

λlαCX
w ≤ λlαCQl ≤ λl

Wh

λh

< Wl,

where the last inequality is due to (5). Then it can be seen
that Problem (P2) and (P3) only differ in the constraint of
Xw such that (P3) has a strictly large feasible region that
(P2). Therefore we have r3(C) ≥ r2(C) for C ≥ C3.
Next, we compare (P1) and (P2). The initial state implies

that r1(C1+ ε) > r2(C1+ ε) for small enough ε > 0. Further,
it can be seen through simply algebra that r1(C) is non-
increasing in C. Also, r2(C) is constant for C ≤ C3. Thus
r1(C) and r2(C) must intersect at some point denoted by
C2. Moreover, by the assumption on the initial state, we have
C2 ≤ C3. Therefore, the claim is proved. (See Fig. 6 for a
numerical example of the monopoly’s revenue.)
Finally, we examine the monotonicity of SW (C) in

[C1, C2], [C2, C3] and [C3,∞].
For C ∈ [C1, C2], by Claim 1, NE is corresponding to

the solution of Problem (P1). It can be seen that (5) implies
that the constraint in (7) is always loose for C ≤ C2.
Therefore, by setting x̂ = Qh + xl and rewriting the last
constraint as x̂ + Xw ≤ Qh + Ql − xl0, the problem can
be transformed into a problem corresponding to a game with
homogeneous customers. Then we apply Theorem 3 in [2] and
conclude that the social welfare of low class customers will
first monotonically decrease and then increase.
For C ∈ [C1, C2], we examine Problem (P2). Since the

monopoly’s revenue is independent of C, the social welfare
coming from serving high class customers stays constant.
However, increasing C will decrease the left-hand-side of
constraint (8), thus possibly reduce the delivered price for the
low class customers as will increase the welfare of the low
customers. Thus, the overall social welfare SW (C) is non-
decreasing.
For C ∈ [C3,∞], it can be seen that Xw = Ql+Xwh. Then

Problem (P3) can be transformed into a problem corresponding
to a special case of the homogeneous model with congestion
function in the unlicensed band as ĝ(x) = αC(Ql +x). It can
be shown through simple algebra that Theorem 3 in [2] can
be extended to such case. Thus the social welfare from high
customers can be shown to decrease first until some C4, then
increase monotonically. Note that the social welfare from the
low customers may increase for C ≥ C3. However, it can be
seen that the condition in (5) ensures that the decrease of high



class customers’ social welfare exceeds the increase of social
welfare of the low class customers. Therefore, we conclude
that SW(C) will first decrease until some C4 and then increase
monotonically.
This completes the proof of Theorem 1.

Proof of Lemma 3: Let x be the number of customers
served in the licensed band and Xw∗ = Xwh∗ + Xwl∗.
Suppose Xwh∗ > 0, then we have λlg(X

w∗) ≤ Wh. We
prove this lemma for three possible equilibrium scenarios.

Scenario 1: The incumbent’s licensed band serves high
class customers at equilibrium. To show such we need to show
that λlg(X

w∗) ≤ Wl. This is ture since

λlg(X
w∗) ≤

λl

λh

λhg(X
w∗) ≤

λl

λh

Wh ≤ Wl.

Scenario 2: The incumbent’s licensed band serves both high
and low class customers at equilibrium. Then the result is
automatic by Lemma 2.

Scenario 3: The incumbent’s licensed band serves low
class customers at equilibrium with price p, which implies
λhg(X

w∗) ≤ p+ λhl(x
∗). Now, we have

λlg(X
w∗) ≤

λl

λh

λhg(X
w∗) ≤

λl

λh

(p+λhl(x
∗)) ≤ p+λll(x

∗).

This implies that the unlicensed band serves all of the low
customers, i.e. Xwl∗ = Ql. �

E. Numerical Example
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Fig. 6. An example where the incumbent served both classes initially

Let Wh = 1.6, Qh = 1, Wl = 0.85 and Ql = 1.3,
λh = 0.4 and λl = 0.1. Set l(x) = x and g(x) = x/C.

Without unlicensed band, it can be shown that the incumbent
SP would set price p0 = 0.62 to serve all of low class
customers to maximize her revenue. The numerical results of
social welfare, customer surplus and incumbent’s price and
revenue are plotted against the unlicensed band capacity C in
Fig. 6.

Remark: In the numerical example, we found the social
welfare, as a function of the capacity C in the unlicensed band,
is not monotone. As shown in Fig. 6, there are two regions of
C, [0, C2] and [C3, C4] where social welfare decreases. Note
that C′

2 > C2 for the parameters in this example, so we define
C′

2 := C2. Also, since the incumbent served all of both classes
of customers before the unlicensed band is introduced, C1 in
Theorem 1 does not exist. Thus we set C1 := 0.

Comparing social welfare and incumbent’s price in Fig. 6,
we find that the two regions where social welfare decreases are
also where the incumbent’s price rises. This phenomenon is
reminiscent to that in the model with homogeneous customers
and can be explained in a similar way. Namely, the incumbent
may benefit from raising her price since this may reduce the
congestion in her licensed band and worsen the quality of
service in the unlicensed band.

In particular, there are three stages as C increases.

Facing the competition from the service in the unlicensed
band as C increases, the incumbent will eventually “retreat”
from serving low class and suddenly increases its price to
serve high class customers only to gain higher revenue. This
corresponds to the jump in the monopoly’s price and the drop
in social welfare and customer surplus in Fig. 6 at C2.

Thus the first stage corresponds to C ∈ [0, C2]. In this stage,
the service in the unlicensed band and that of the incumbent’s
licensed band will be competing on low class customers while
the incumbent still serves all of the high class customers. Here
we have the same observation that social welfare decreases as
a result of the rise of the monopoly’s price8 and congestion
in the unlicensed band.

The second stage is when C ∈ [C2, C3]. This is the stage
in which the market is sorted. Namely, the unlicensed band
serves only low class and licensed band serves high class
customers. Thus increasing capacity C has no impact on high
class customers but improving the congestion in the unlicensed
band. Therefore, the social welfare is constant or increasing
in this stage.

Finally, when C ∈ [C3,∞], the unlicensed band and
licensed band will be competing on the high class customers
while all of the low customers are being served in the
unlicensed band. Similarly, the observation is that the social
welfare decreases first as the increase of the monopoly’s price

8This is true given the assumptions on the initial state and the assumption
in (5). In general, the incumbent may not benefit from increasing her price
in this case. This is because higher price may decrease the number of high
class customers she is serving thus decrease her revenue.



9 until C reaches C4 and then eventually starts to increase as
the quality of service in the unlicensed band improves.

F. Existence of user equilibrium given price vector

Lemma 4: Given a price vector (p,pw) the induced non-
negative demand vector (xh,xl,xwh,xwl) is the solution to
the following maximization problem

max

∫ Qh

0

Ph(q)

λh

dq +

∫ Ql

0

Pl(q)

λl

dq (Pu)

−
∑
i∈N

(
pix

h
i + pwi x

wh
i

λh

+
pix

l
i + pwi x

wl
i

λl

)

−
∑
i∈N

∫ xh

i
+xl

i

0

li(z)dz −

∫ Xw

0

g(z)dz

S.t. xh
i , x

l
i, x

wh
i , xwl

i ≥ 0∀i ∈ N

where Qh =
∑

i (x
h
i + xwh

i ), Ql =
∑

i (x
l
i + xwl

i ) and Xw =∑
i (x

wh
i + xwl

i ).
The above lemma can be easily proved using complementary
slackness. If the inverse demand functions Ph and Pl are
concave and congestion function li and g are convex, then
it can be seen the Problem (Pu) is a well-defined convex
optimization which always has solutions. Furthermore, if the
objective function in (Pu) is strictly concave, then there exists a
unique such demand vector. Otherwise, there may be multiple
such demand vectors which are equivalent.

9This is true given the assumptions on the initial state and (5). In general,
social welfare may not decrease. This is because although the social welfare
from high class customers may decrease due to the increase in the incumbent’s
price, the social welfare from low class customers always increases as the
capacity in the unlicensed band increases.
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