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Abstract examined this fundamental tension betweffitiency and sta-

) ) . bility of social networks in dferent settings. For a discussion
A fundamental tension of between thiigency and stability ot his Jiterature we refer to the excellent review by Jackson
of social networks is now a well recognized fact in the I|ter:(12003).

turi.l In general, netvygrks are n|°t smul}aneomi)siﬁ)cent ankd Jackson and Wolinsky (1996) also discuss an exception to
;ta €. Here we consider strong y pairwise sta e'netwqr S ?HQ rule that #iciency and stability are conflicting properties
identify that the presence of mldd_lemen is of partlcqlar 'MPYK the context of social networks. They showed that under
tance for such a netyvork to _béﬁ_elent as WeII._ We find that component-wise egalitarian pay® there might existfécient
for the compo_nent wise egalitarian rule there is no co_nfhct Q‘?étworks that argairwise stable That is, there might exist
thween the dicient ancg staEIe n(:]tworks wten these middlem@Ry orks that generate maximal collective value, in which any
ave no incentive to break up the network. participating player does not have incentives to delete a single
link and any pair of players does not have incentives to form an
Keywords: Networks; pairwise stability; critical link; middle- additional link.

man. In this paper we investigate whether this result can be ex-
tended to include networks that are stable with respect to a more

JEL Classification: C71, C72. reasonable link-based stability concept called “strong pairwise
stability”.

Pairwise stability is a concept thatfBers from a serious defi-
ciency. The hypothesis that individual players only consider the

K 4 Woll ‘ d the fund | deletion and creation of a single link seems unrealistic. Clearly
Jackson and Wolinsky (1996) put forward the fundamental i ia) players can and will consider the deletion of ane

S'ghF .tha.t there is a profound tension betweﬁ"mlency and 1 orelinks under her control in the network, particularly since
stability in game theoretic models of network formation. In;

deed ks th imal collecti | nﬁ{,]k deletion involves unilateral action. This is formulated in
eed, networks that generate maximal collective values — infy concept of strong pairwise stability introduced by Gilles

cated agfficient networks— are usually not stable in the sensg Sarangi (200 @
that players have incentives to delete existing links or creat '

links. Si thei inal tributi h his concept incorporates the possibility that individual
New finks. since their seminal contribution, many papers aB’I‘?Eiyers might delete multiple links while any pair of players

“This paper summarizes part of the research presented in G”@gns[ders the.cre.a.tlon of an additional link. It is based on t_he
Chakrabarti, Sarangi and Badasyan (2004). For all proofs and extended préciple that individuals have complete control over the exis-
cussions we refer to that paper. We are grateful for the helpful remarks #efice of links in which they participate. Hence, any player can
suggestions made by three anonymous reviewers of the Harvard Peer'm'ﬁﬁﬂ%\terally delete any set of links in which she participates.
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1 Introduction




It can be shown that for certain normal form game-theoretick betweeni and j is defined as the sét, j}. Throughout we
models of network formation, Nash equilibria are characterse the shorthand notatignto denote the linKi, j}. It should
ized by stability against the removal of sets of links by indbe clear thalj is completely equivalent tgi.
vidual players. (Gilles and Sarangi 2004, Propositions 3.1 andn total there are}n(n — 1) potential links on the player set
3.10) This is also recognized by Goyal and Joshi (2003) aNd The collection of all potential links oN is denoted by
Bloch and Jackson (2004) who discuss pairwise stable equilib-
rium networks. This concept combines the Nash equilibrium 9n = {ij |1, ] € Nandi # j} 1)
property with stability against pairs of players forming addi- ) i ) _
tional links. This concept is therefore closely related to Stm%}network gis now defined as any collection of ImlgscN ON-
pairwise stabilit] e collection of all n.etworks orN is denoted byG" =

In the present paper we show that the coincidencefiof e!9!9 € 9n}- The CO||eCt|0LGN consists of é"f”"l) networks.
ciency and stability can indeed be extended to strong pairwis& ©F EVEry networlg € G and every playere N we denote
stability for component-wise egalitarian pa§s Jackson and 'S Neighborhoodn g by Ni(g) = {j € N | j # i andjj € g}.
Wolinsky (1996) showed thatritical links have to be neutral- Playeri th_erefore IS participating in the links n hénk set
ized in order to establish pairwise stable affiteent networks. Li(@) = {i € g1 ] € Ni(9)} c g. We also defineN(g) =
Here we establish that middlemen in the network must not haevNi(9) and letn(g) = #N(g) with the convention that if

any incentives to break communication in the network thereb@) = @, we letn(g) = 1] )
making the network secure against deviations by such middlel€t 7: N < N be a permutation oM. For every net-
rk g € G" the corresponding permutation is denoted by

men. A middleman occupies a critical position in that she cH N N
disrupt communication lines in the network by removing ce¥ = (7()(i) 11 € g} € G™.
tain links under her control.

The shift in the focus from critical links to middleman posi2.1  Paths and network components
tions in a network is very natural outcome of our stability con- . o . -
cept. Moreover it focusses the analysis on the role of midd -F’ath n g connectlr]gl and j is a set of d.'SJF'nCt players
men who play a central role in the functioning of many socigh 12, . -1o} < l\_l(g) with p > 2 such that, bl =1 and
networks. This poses important questions regarding the r +lals,....Ip-1lp} C 0. The networkh c g is acomponent
and power of such middlemen in the processes that lead to g it for gll | € N(h) andj N(h)" * I therg exists a“path n
work formation. Power of middlemen were only investigat copngptlng andj and for anyi € N(h) and| e_N(g), 1eg
for the core in a three person trade economy by Kalai, Posﬂgp“es ij € h. In other words, a component is a maximally

waite, and Roberts (1978). Future research should investig(éqgneCted subnetwork @ We denote the class of network

: ; ts of the networkby C(g).
the power of middlemen further in the context of general pa?z‘?mpo”e” ,
off functions and network formation principles based on Iink,The setof players that are (fullg)sconnectedh the network

formation with mutual consent. gis denoted by

The rest of the paper is organized as follows. Sections 2 and No(g) = N\ N(g) = {i € N | Ni(g) = &}. (2
3 introduce notation and various stability notions mentioned ]

above. Section 4 summarizes the main insight from Jackdgfithermore, we define

and Wolinsky (1996) on critical links and the possibility of ef- 3 L

ficient and pairwise stable networks. Section 5 extends this in- I'(9) = {N(h) | h e C(g)} U {{i} | i € No(9)} ()

sight to strong pairwise stability, using the notion of middlemac& the partitioning of the player shitbased on the component
security. Section 6 concludes. structure of the networgﬁ]

2 Networks and values 2.2 Network values

With regard to the description of benefits or “utilities” gen-
erated by participation in a network, we limit our discussion
in this paper to so-calledollective network benefit functions

Throughout we lelN = {1,2,...,n} be a finite set of players.
Two distinct players, j € Nwith i # j arelinkedif i and | are
related in some (social) capacity. These relationshipsiiage
I’eCtedin the sense that the two p|ayel’S forming a relationship3We emphasize here thatﬁf(g) + @, we have than(g) > 2. Name|y’ in

are equals within that relationship. Formally, an (undirectetiyse cases the network has to consist of at least one link.

“We therefore distinguish a link-based partitioning of a netvepirko com-
2For a formal analysis of the relationship between pairwise stable equilfsnents, denoted bg(g), from a node-based partitioning, denoted It{g).

rium and strong pairwise stability we refer to Bloch and Jackson (2004).  Our analysis calls for both partitioning conventions to be used throughout.




given byv: GN — R such thatv(@) = 0. Following Jackson whereh;, € C(g) such thati € N(h) andh, = @ if there is

and Wolinsky (1996), we denote such functions as “netwank h € C(g) such thati € N(h). Under this allocation rule,

value” functions. A network value functiom assigns a total the value generated by a component is split equally among the

benefitv(g) € R to the networky € GN. The space of all net-members of that component.

work value functions such thaw(@) = 0 is denoted byN. It is clear thaty®® is theuniqueallocation ruleY that is com-
Letv € VN be some network value function. We considgronent balanced and assigns an equal figyoall players in

two fundamental properties of such a network value functionthe same component of a network, i.e., for giM) € GN x VN

(i) The network value functiom is component additive itholds that

V() = Xhec(g) V() Yi(9,v) = Yj(h,v) (5)

(i) The network value function is anonymousf v(g") =

v(g) for all permutationsr and networks. for everyh € C(g) and alli, j € N(h).

Finally we remark tha¥®®(-, v) is balanced for every compo-
Finally, we define anféiciency concept. A networlj € GN is nent additivev € VN. The component-wise egalitarian pdyo
gfficientwith respect to value functiomif v(g) > v(g’) for all rule is not balanced for arbitrary network value functions.

g cgf

2.3 Allocation rules 3 Stability properties

Following the literature, we consider the allocation of netwotR this section we discuss network formation principles from a
values over all players in a network. The allocated agman link-based perspective. Central to this approach is that the for-
individual player is determined by ailocation rule Y: GN x mation of each link in principle is considered separately. Since
vN — RN which determines how for any network € GN the formation of a link in the networks involves a pair of play-
the collective values(g) is distributed over the players iN. €rS, mutual consent is required. On the other hand, each player
Y,(g, V) is the pay@ to playeri from the networkg under the c¢an delete an established link unilaterally.

value functionv. Denote byg +ij the network obtained by adding limkto the
Let 7: N — N be a permutation. Now" is defined by e€Xxisting networlg, i.e.,g+ij = gu{ij}. Similarly,g—ij denotes
V'(g") = v(g). the network that results from deleting liijkfrom the existing

_ _ _ _ networkg, i.e.,g—ij = g\ {ij}.
() An allocation ruleY is anonymousf for any permu- | et Y be some allocation rule. We introduce three funda-
tationz, Yy (9", V") = Yi(g,V). Anonymity of the al- mental network stability properties that describe the network

location rule simply means that the palyof a player formation principles formulated above.
depends solely on the position in the network rather

than the label or name of that player. () A networkg € GN is link deletion proof(LDP) un-
- ] ) derY if for every playeri € N and every neighbor
(i) Anallocation ruleY is balancedf Y.y Yi(g, V) = v(g) i € Ni(g), it holds thatY(g — ij,V) < Yi(g,v). Link

for all v andg[f deletion proofness requires that each individual player

has no incentive to sever an existing link with one of

(i) An allocation rule Y is component balancedf ¢ -
his neighbors.

Yiene Yi(9, V) = v(h) for everyg andh € C(g) and ev-
ery component additive. Component balance along

; AT ) (i) A network g € GN is strong link deletion proof
with component additivity implies that fully discon-

(SLDP) underyY if for every playeri € N and ev-

nected players iftNg(g) always have an allocated pay- ery link seth c Li(g), it holds thatYi(g \ h,v) <
off of zero. Yi(g,v). Strong link deletion proofness requires that
Letv e VN. Thecomponent-wise egalitarian allocation rule each player has no incentive to sever links with one or
defined by more of his neighbors. Obviously, SLDP implies LDP.
ce v(hy) (i) A network g € GN is link addition proof (LAP) under
YOV = Sy ) Y if for all playersi, j € N, it holds thatYi(g + i, v) >

5Jack T Wolnek . o N y Yi(9,v) implies Yj(g + ij,v) < Yj(g,Vv). Link addition
_*Jackson and Wolinsky (1996) refer to these as stronjigient networks, proofness states that there are no incentives to form
implicitly implying thereby that weakféiciency corresponds to a Paretidfi-e

ciency notion. additional links. This is founded on a process of mu-
6Balance is also known asfficiency” in the networks literature. tual consent in link formation. Indeed, if one player



would like to add a link, the other player would hav&lote thatY is component balanced. Our main claim is now
strong objection. that in general, under the allocation rife the complete net-

_ ) _ ) work abcis LDP, but not SLDP:
Jackson and Wolinsky (1996) introduced link deletion proof-

ness and link addition proofness, although they did not explfelaim: If v e VN such that yg) > 0 for every g+ @, then
itly define these concepts as such. Strong link deletion profe network g = abc is link deletion proof, but not strong link
ness was introduced by Gilles and Sarangi (2004). deletion proof, with respect to the allocation rufe

These three fundamental stability concepts can be use
define additional stability concepts. A netwark GN is pair-
wise stableunderY if it is LDP as well as LAP unde¥. Fur-

chg?me, without the possibility of a player to remove multiple
of his links simultaneously, he might get stuck with “bad com-
N il pany”. Indeed, here player 1 would like to remove his links
thermore, a networlg € G" is strongly pairwise stableinder .. player 2 as well as player 3, but using LDP he can only

Yifitis SLDP as well as LAP unde. o _ remove at most one of these two links. Under SLDP player 1 is
The main diference between regular pairwise stability anghje 1o remove both links and improve his situation.

strong pairwise stability is that individual players are allowgg,, 5 proof of the claim we refer to Gilles, Chakrabarti

to remove multiple of their links rather than a single link. Paiéarangi and Badasyan (2004), Example 3.1. o
wise stability was seminally developed by Jackson and Wolin- ’ '

sky (1996). Strong pairwise stability has been the subject of
Gilles and Sarangi (2004) and Gilles, Chakrabarti, Sarangi, apd Critical links
Badasyan (2004). Bloch and Jackson (2004) investigate strong

pairwise stability and the notion of pairwise stable equilibriufg this section we explore the relationship between strongly
developed by Goyal and Joshi (2003), which in some casepdsrwise stable andfiécient networks under the component-
similar. wise egalitarian allocation rule, originally developed in Jackson

Next we show with the use of an example that pairwise std Wolinsky (1996). We first discuss the notion of a critical
bility has serious limitations in the sense that individual play&afgk.
are considered to have no power to delete multiple links even
in situations in which this is extremely desirable. Definition 4.1 A link ij € g € GN is critical in the network g if

| | #T(Q) < #T(g - i).

Example 3.1 Being stuck with bad company
Consider a three player situation with = {1,2,3}. For sim- Hence, a link is critical if after its removal either the number of
plification of notation we denote the potential links in this sitomponents of the network increases, or the number of discon-
uation as follows:a = 12, b = 13, andc = 23. Hence, nected players increases. It means that there is no alternative

GN = {@,a,b,c,ab,ac, bc abg. _ path to replace such a critical link.

Leta > 0. We consider an allocation rué: GN x VN — R Let h e C(g) denote a component that contains a critical link

which for everyv € VN is defined by in the networkg € GN and leth; ¢ handh, c h denote compo-
nents obtained frorh by severing that critical link. (Note that

Y(2,v) = (0,0,0) it may be the case thai = @ orh, = .)

Y(av) = (@ @ 0) _ The following concept of critigal link monot_onicit_y hgs bee.n
introduced by Jackson and Wolinsky (1996) in their discussion

Y(o.v) = (*2,0,Q) of certain properties of the component-wise egalitarian alloca-

Y = (0’ @ @) tion rule Y&,

Y(ab,v) = (v(ab), 0,0) Definition 4.2 The pair(g, v) satisfiesritical link monotonic-

_ B 1 1 ity if for any critical link ij € h with h € C(g) and the two
Y(acv) = (—av(abc), v(ac) - 3(1 - a)v(abg, 5(1 + a)v(abc)) associated components and hy of h - ij, we have that

Y(bc,v) = (—av(abc), (1 + a)v(abg), v(bc) — 3(1- a)v(abc)) v(h) W) V()
Y(abc V) = (-ev(abo), 3(1 + a)v(abo), 1(1 + )v(abo) v(h) > v(hy) + v(hy) = > max[ . (hi)’ . (hz)} (6)

"Considering one link at the time with regard to the formation of that linfks shown by Jackson and Wolinsky (1996), this constitutes a

seems natu.ral. A generalization to the'S|mu|taneo.u_s format|on ofmgltlple Ilr}ﬁcessary and icient condition for the existence offgient
would not yield much unless generalized to coalitional considerations. Suc

coalitional considerations are at the foundation of the notion of strong stabiﬁl?twork_s that are _pairWise stable with regard to the component
introduced and analyzed by Jackson and van den Nouweland (2004). egalitarian allocation rule:



Lemma 4.3 (Jackson and Wolinsky 1996, Claim, page 61) (i) # C(g\ h*) = 0and Ny(g\ h*) = N.

If g is eficient relative to a component additive v, then g is

pairwise stable for ¢ relative to v if and only ifg, v) satisfies Remark 5.2 states that a middleman in a network can either

critical link monotonicity. increase the number of non-trivial components in the network
by removing some critical links, or disconnect some players

That paydis are egalitarian imposes that the individual playrom the network. In the latter case, the disconnected players

ers have essentially the same objectives, namely maximizig alwaysmarginal in the sense that (g) = 1. Remark

the total value generated by the network in which they partg=ii) discusses the case of a so-calkdr network, where

ipate. Moreover, component additivity of the component-wiggayeri is the center of the star. Henag= {ij | j # i}.

egalitarian allocation rule links this individual drive correctly The analogue of critical link monotonicity for the case of a
to the component in which these individuals operate. The ophygdleman is denoted as middleman security:

players to be checked are those players participating in critical
links; they are gugrantged to have thg proper incentives throgghyiion 5.3 A pair (g, V) € GN
the property of critical link monotonicity.

x VN is middleman securéf
for every component & C(g), every middleman& M(h), and
every critical link set h c L;j(h) for middleman i we have that

5 Middleman positions 0 v

m z ﬁ’ (7)

v(h) > > u(h) =
i=1

A critical link referred to a single link between two players,
which removal resulted into a disintegration of the network.
When a single player removes multiple links and the networlere GQh \ h*) = {hy, hy, ..., hy) andh e C(h\ h*) such that
disintegrates, then we call such a playemaldlemanin the e N(F)

network. In graph theory, the position of a middleman in the

network is also referred to as a “cut node”. Middleman security requires that middlemen do not have any

o ) _ ~_incentive to disrupt communication in a network in the case of
Definition 5.1 A player i € N has amiddleman positionin component-wise egalitarian paje

the network ge G if there exists some set of links 1 Li(9) |t can be shown that middleman security implies critical link
under the control of player i in g such that there are at Ieaﬁﬁonotonicity.

two distinct playersj, j» € N\ {i} who are connected in g and
who are not connected in\gh*. A player with a middleman
position in a network g is denoted asw@iddiemanin g. The
set of middlemen in the network g is denoted g\ N.

Proposition 5.4 Let ve VY be nonnegative in the sense that
v(g) > Ofor all g € GN. If (g, v) satisfies middleman security,
then(g, v) satisfies critical link monotonicity as well.

Itis clear from the definition that a middleman in a network has
a critical position in the sense that she can break up commubi
cation within the network between other players by deletinnggdasyan (2004).

well-chosen subset of her own links. A subetc Li(g) of The next proposition states our main insight regarding the re-
links that a middleman e M(g) can delete to break up comyationship between the role of middiemen and the possibility
munication within a networlg is called acritical link setfor 5 nhave a network that isficient as well as strongly pair-

middleman. wise stable. Middleman security indeed secures that a network

The following re-statement of the definition of a middlemag,, pe @icient as well as strongly pairwise stable under the
is given without a proof. It follows immediately from the deﬁ'component-wise egalitarian allocation rule.

nition of a middleman position in a network.

proof is provided in Gilles, Chakrabarti, Sarangi, and

Proposition 5.5 If g € GN is eficient relative to a nonnegative
and component additive & VY, then g is strongly pairwise
stable for the component-wise egalitarian allocation rufé i
gand only if(g, v) is middleman secure.

Remark 5.2 Let n> 3 and let ge GN be some network with
#1I°(g) = 1. Now, i€ M(q) if and only if player ie N controls a
critical link set i c L;(g) such that exactly one of the followin
properties holds:

() #C(g\h’)>#C(g) = 1; A proof of this proposition is given in Gilles, Chakrabarti,
Sarangi, and Badasyan (2004).

(i) #C(g\h*) =1and there is some playerej N \ No(g)

such that je No(g \ h*), or 8\We emphasize again that possibiy: @.
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